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Abstract 

Gauge symmetries lead to first-class constraints. This assertion is of course 
true only for non trivial gauge symmetries, i.e., gauge symmetries that act 
non trivially on-shell on the dynamical variables. We illustrate this well- 
appreciated fact for time reparametrization invariance in the context of mod- 
ifications of gravity - suggested in a recent proposal by Hofava - in which 
the Hamiltonian constraint is deformed by arbitrary spatial diffeomorphism 
invariant terms, where some subtleties are found to ariseQ 



^To appear in the proceedings of the Conference "Gauge Fields: Yesterday, Today, 
Tomorrow", dedicated to the 70th anniversary of Professor A.A.Slavnov. 



1 Introduction 



It is a pleasure to dedicate this paper to Andrei Alexeevich Slavnov on the 
occasion of his 70th birthday, wishing him continued success in his scientific 
career. 

Gauge symmetries have been a central theme in Andrei Alexeevich's in- 
vestigations. This short note emphasizes a well-known fact (well-known, but 
not always immediately apparent in some contexts) on the relation between 
gauge invariance and first-class constraints. 

The Hamiltonian formulation of theories with a gauge invariance has been 
given by Dirac [I1I2]- Gauge symmetries (i.e., symmetries involving arbitrary 
functions of time) imply first-class constraints. This has become one of the 
main lessons of Dirac's analysis. However, implicit in this assertion is that 
the result holds only for non trivial gauge symmetries - as it should. 

2 Trivial Gauge Symmetries 

Trivial gauge symmetries are symmetries that do not act on the dynamical 
variables when the equations of motion hold. 

An elementary example is provided by the following transformation 



where e{t) is an arbitrary function of time. This transformation leaves the 
free non-relativistic particle action 



invariant (up to a surface term) for any e(t). 

However, the existence of this invariance has no dynamical implication: 
it leads to no first-class constraint and no ambiguity in the general solution 
to the equations of motion for given initial data {qo,qo). Indeed, the gauge 
invariance (12. ip vanishes "on-shell", i.e., when the equations of motion q = 
hold. When rewritten in terms of phase space variables, its canonical 
generator identically vanishes. For this reason, the gauge symmetry (12. ip 
can safely be ignored and one can live in peace without even mentioning it. 
It is called an "on-shell trivial gauge symmetry" or, for short, a "trivial gauge 
symmetry" . 



6q = 2eq + eg. 



(2.1) 




(2.2) 
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Quite generally, for a system with several degrees of freedom and action 
S[q^], on-shell trivial gauge symmetries take the form 

5g^ = /i^^j|, (2.3) 

where /i*-^ = — /i-'* is antisymmetric but otherwise arbitrary and where we have 
used De Witt's condensed notations in which the sum over j implies also an 
integration over time (and space in the case of field theory). Explicity in the 
case of classical mechanics, 

Sq\t) = I dt'f^Ht,t')J^^, (2.4) 

where fi'^{t,t') = -fi^%t',t). 
In the case of fl2.ll) . one has 

6q{t) = J dt'Kt,t')^y (2.5) 

with 

fi{t,t') = -ieit)+eit'))^^6{t-t'). (2.6) 

It is in fact a general theorem that under reasonable regularity assumptions 
on the action, any symmetry of S that vanishes on-shell takes the form fl2.3p 
[2] (section 3.1.5). 

Trivial gauge symmetries can arise in the commutator of non-trivial sym- 
metries. This occurs in supergravity and it is in this way that their existence 
was uncovered in modern field theory. 



3 Another example 

Another example, more adapted to our purposes, is given by the model with 
action 

S[q\p,, iV"] = Jdt {p,ct - N'^Uo) . (3.1) 
The action fl3.ll) is clearly invariant under time reparametrizations 

= r]q\ 6pi = r]pi, (3.2) 

5iV" = (r/AT")-, SUa = vHa, (3.3) 
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independently of the nature of the constraints "H^ ~ 0, where ?7(t) is an 
arbitrary function of time (the variation of "Hq being a consequence of f l3.2p ). 
This simply follows from tensor calculus in one dimension, the g's and the 
p's being scalars and the multipliers iV" being densities of weight one. 

Now, it would seem that a gauge symmetry as "respectable" as time 
reparametrization cannot be trivial. However, this depends on the nature 
of the constraints. If all the constraints are second-class, the equations of 
motion imply A^" = from "H^ = and hence also = 0, = 0. Accord- 
ingly, the variations of all the variables g*, pi and A^" in (13. 2p . (13. 3 p vanish 
on-shell. This implies that diffeomorphism invariance is in this case a trivial 
symmetry. 

To exhibit this fact explicitly, we observe that when the constraints are 
all second-class, the matrix Ca/s defined by [HayT-Lp] = Cai3 is invertible, 
det{Ca/3) 7^ 0. We denote the inverse matrix by C"^, so that C^^Cpj^ = 
6^. Then the diffeomorphism transformations can identically be rewritten as 
antisymmetric combinations of the equations of motion 



Spi ■ 

6N' 



6pi dpi 
5q^ dq^ 



d 5S m„ 5S d-Hr, 5S 



dt6N°' dq^ 6pj dpj dq^ 
dt 5N°' dqi 5pj ^ dpj 5qi 



d 
dt 



d 5S dUa SS dUa 6S 



dtdN'' dq^ 6pj dpj 6qi 



Note that 



7VP = 



d 5S d-Hr 



5S dn„ 5S 

+ 



dt6N'^ dqi 5pj dpj 6q 



(3.4) 
,(3.5) 
(3.6) 

(3.7) 



We stress that the appearance of the inverse clearly signals that this 
argument only holds if all the constraints are second-class. 

Thus, we conclude that one cannot decide beforehand whether the gauge 
symmetry (13. 2p . (13. 3p is trivial or non-trivial, whatever one's geometrical 
prejudices are. To determine the nature of the gauge symmetry requires a 
more detailed dynamical analysis. 
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4 Deformations of gravity theory 



4.1 The models 

Recently, Horava proposed a candidate for a UV completion of Einstein the- 
ory of gravity in which full spacetime diffeomorphism invariance is abandoned 
and recovered only at large distances |3l H]. Based on appealing analogies 
with condensed matter physics and anisotropic scaling d la Lifschitz (see [21 S] 
and references therein), it has been proposed that this alternative to Einstein 
theory might provide a renormalizable UV completion of general relativity 
and therefore yields a very attractive approach that is worth being explored. 

This suggests studying deformations of general relativity in which one 
keeps intact the momentum constraints, but deforms the Hamiltonian con- 
straint by arbitrary terms compatible with spatial diffeomorphism invariance. 

We thus consider theories described by the following Hamiltonian data: 

• Phase space variables, gij{x), 7t^^{x), with Poisson brackets 

[g.,{x), vr-"(y)] = ^(^5; + S:5J^)S{x, y\ (4.1) 

where x and y are points on a spatial slice and vr*-' is the momentum 
conjugated to the spatial metric Qij. 

• Constraint surface in phase space defined by constraints 

'H(x)^0 ("Hamiltonian constraint"), (4.2) 

Tikix) ~ ("momentum constraints"), (4.3) 

where weak equalities ~ mean zero on the constraint surface, as usual. 

• Equations of motion generated by a Hamiltonian 

H^I,'.(m.m^).N"i.)n.i.)), (4.4) 

with lapse function N(x,t) and shift vector A^'^(x,t)ll] From the point 
of view of Horava gravity, we are thus in the non-projectable class of 
theoriesJl 

"'^Very often, the time dependence is not written explicitly. 

^Our insistence on this form of the Hamiltonian, with N and appearing as La- 
grange multipliers, is modeled on the canonical structure of general relativity. Our analy- 
sis therefore does not cover further modifications of Horava gravity, discussed for example 
in [SlEllT]. 
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The action is 



S[g,j,Ti'\N,N^] = jdt (^j d=^x7r%^ -H 



(4.5) 



The equations of motion follow by extremizing the action with respect to 
gij{x) and 7r*-'(x) (dynamical equations of motion), as well as with respect to 
the lapse and the shift functions that serve as Lagrange multipliers for the 
constraints. They are given by 

F = [F, H] (4.6) 

for any function(al) F[gij{x), 7t^^{x)] of the canonical variables, together with 
the above constraints. 

From a technical point of view, one may regard the constraints as the 
secondary constraints resulting from the preservation in time of the primary 
constraints expressing that the conjugate momenta ttn and irjyk to the lapse 
and the shift are zero. We have used these primary constraints to eliminate 
VTjv and TTj^k. Whether there are further constraints must be analysed through 
the application of the Dirac algorithm. For instance, if the brackets between 
the Hamiltonian and momentum constraints are all zero on the constraint 
surface, these constraints are first-class. There are no further constraints and 
the multipliers N, are undetermined. This is what happens in general 
relativity. At the other extreme, if the bracket matrix [H{x),'H{y)] is in- 
vertible, the Hamiltonian constraints are second-class and is completely 
determined (while remains first class and remains undetermined, see 
below). In that case, there are also no additional constraints. Whether one 
encounters the first or the second case depends on the values of the coupling 
constants. It is the objective of the remaining of this paper to analyse this 
point further. As we shall see and comment in the sequel, the situation is in 
fact more complicated because the rank of ['H{x),'H{y)] is not constant on 
the constraint surface. 



4.2 Form of constraints 

The form of the momentum constraints, which generate spatial diffeomor- 
phisms, is universal and given by 

Uk = -2V,7r\, (4.7) 
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where V stands for the spatial covariant derivative operator. Indices are 
lowered and raised with the spatial metric gij and its inverse g^K 

By contrast, the Hamiltonian constraint depends on various coupling con- 
stants. We only require that "H be a density of weight one under spatial 
diffeomorphisms and be quadratic in the momenta, so that it takes the form 

H = Hi + H2, (4.8) 

where Jii is the kinetic terni§ (with vr = gijit"^-^) 

and contains the potential terms 

= ^{a + ^R + r]R^ + (R'^Rij + PCijC'^ + -fRAR +...). (4.10) 

Here, the spatial Laplacian is A = V^Vj. One may impose the further 
restriction that T-L contains at most six spatial derivatives of the metric so that 
it is formally power-counting renormalizable [H H] . However, this restriction 
is not necessary for the general analysis of the consistency of the system which 
is given below, and any invariant constructed out of the spatial curvature and 
its successive covariant derivatives is allowed. 

General relativity corresponds to the choice A = 1 and all other coupling 
constants equal to zero except a and ^. Switching on the other couplings yield 
deformations of general relativity. A notable choice, different from general 
relativity, is the "ultralocal" theory of [HI El [in], which has all couplings 
equal to zero but A and a. This theory possesses the same number of gauge 
invariances and degrees of freedom as general relativity, which, as we shall 
see, makes it rather special among the deformations. 

For any values of the coupling constants, the constraints 'Hfc(x), 'H(x) 
fulfill the algebra 

[Hk{x),Hn,{x')] = Hk{x')6,Ux - x') + Hm{x)6Ax - x'), (4.11) 

[nix),nkix')] = nix')64x - x') (4.12) 



■^Here, A is the parameter appearing in the modified DeWitt metric on the space of 
metrics and is expected to go to zero in the IR Umit if general relativity is to be recovered 



at low energies (see [4] for the details). 
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expressing that Hkix) are the generators of spatial diffeomorphisms and that 
is a density of weight one. It clearly follows from the constraint algebra 
that the constraints Hkix) are first-class. Whether there are further first- 
class constraints depend on the values of the coupling constants. 

4.3 Time reparametrization invariance 

In addition to being invariant under arbitrary spacetime-dependent spatial 
diffeomorphisms , 

Sgij = V^9ij ,k + V^,i9kj + v'',j9ik, (4.13a) 
Sti'^ = (r/V^^),fe - - r]\,7r'', (4.13b) 

SN = r]''N^k, (4.13c) 
SN'=v' + v'N\,-v\kN\ (4.13d) 

the action (14.51) is also invariant under space-independent time reparametriza- 
tions ri(t) for any choice of the coupling constants, 

Sgij = V9ij, (4.14a) 

5tt'^ = 7]r\ (4.14b) 

6N={r]N)\ (4.14c) 

6N'' = {r]N'')- . (4.14d) 

To the spatial diffeomorphisms correspond the first-class constraints 
'Hfc(x) ~ 0, as we already pointed out. One might be tempted to infer 
from time reparametrization invariance that at least one combination of the 
constraints "H ~ should be first-class, for any choice of the coupling con- 
stants. That combination would be the canonical generator of the symmetry. 
However, as we pointed out above, there is no such guarantee since time 
reparametrizations might be trivial. Settling this question requires a more 
detailed, direct analysis of the dynamics. 
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5 Time reparametrization is generically triv- 
ial for the above class of deformations 



5.1 Matrices depending continuously on parameters 

Before tackling this question, we recall an important property of matrices 
depending on parameters. 

Let M{(3^) he a N X N matrix depending continously on parameters (3^. 
Assume that M is invertible for some values (3q of the parameters upon which 
it depends. Then, because det M 7^ is an inequality, the matrix M is also 
invertible in an open neighbourhood of (3^ and is in that sense "generically 
invertible". The condition detM = 0, being a non trivial equation (non- 
trivial because there are values of the parameters for which detM 7^ 0), 
defines by contrast a subset of lower dimension in the space of parameters. 
Values of the parameters for which det M = are " non-generic" . 

This crucial property is strictly speaking valid only for finite-fimensional 
matrices. We shall however proceed as if it were also true for the infinite- 
dimensional matrix G{x, y) that appears in the analysis below. 

5.2 The matrix G{x,y) = [H{x),l-L{y)] is generically in- 
vertible 

Requesting that the constraint surface be preserved by the dynamics, i.e., 
n{x) = [H{x),H] = j d'yG{x,y)N{y) ^ 0, 

with 

G{x,y) = [H{x),n{y)l (5.1) 

leads to a partial differential equation (in space) for the lapse function of 
the form 

a''^'^^JklN + (3''^Vi,kN + 7^' V,,iV + 6'V,N + ujN^Q, (5.2) 

where a*-^'^' = = Y'' = and uj are functions of the 

canonical variables that depend on the coupling constants and Vij = V(jVj) 
etc. The explicit form of the coefficients will not be needed here. If terms 
containing higher derivatives of the metric (beyond order 6) are allowed in 
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"H, then, there are higher derivatives of in fl5.2p . No matter what terms 
are included, this equation is hnear homogeneous in and always admits 
the solution = 0. 

Analyzing the (co)rank of the matrix G{x, y) is equivalent to determin- 
ing on how many arbitrary constants does the general solution to equation 
(15 ■2p depends. If the only solution is A^ = 0, the corank of G{x, y) is zero 
and G{x, y) is formally invertible. Thus, the problem is to find the general 
solution of (15. 2 p for arbitrary values of the coupling constants. 

This is not an easy task because the coefficients in (15. 2p are complicated 
functions of the canonical variables and their derivatives. That is, the matrix 
G{x, y) depends not only on the coupling constants but also on the values of 
the metric and its conjugate momentum (subject to the constraint equations), 

G(x,|/)[A,a,e,---,^?^,(^),vr'='"(^')]- 

This dependence is such that the rank itself of G{x, y) also depends on the 
coupling constants and on the values of the metric and its conjugate momen- 
tum. For instance, it is easy to verify that if vr*-' = (which is compatible with 
the Hamiltonian constraint), then the equation (15. 2p degenerates to = 
and imposes no condition on A^. However, for other values of the canonical 
variables, (15. 2p is generically a non-trivial equation. 

In [TT], we have analyzed (15. 2p for generic values of the coupling constants 
and of the canonical variables (subject to the constraint equations). We have 
explicitly picked out values of the coupling constants, and, for this choice of 
the coupling constants, of the canonical variables fulfilling the constraint 
equations, so that the only solution of (15. 2p is A^ = 0. This was done in 
the asymptotically fiat context, imposing that A^ should go to a constant at 
infinity. 

This means that G{x,y) is generically of maximal rank, i.e., invert- 
ible. Though at first sight contrary to intuition since the theory is time 
reparametrization invariant, there is no contradiction as time reparametriza- 
tion becomes trivial when A^ = 0, as we explained above. 

We stress again the importance of the term "generically" here. It means 
first of all "generically" in parameter space. For instance, the choices of 
parameters corresponding to general relativity or the ultralocal theory make 
G{x,y) identically zero on the constraint surface and are not generic. But 
also, for a given generic choice of parameters, on must consider generic values 
of the canonical variables on the constraint surface. As mentioned above. 
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the static case with vr*-' = 0, much considered in the hterature [121 [131 [S] 
is non-generic and allows 7^ 0. Similarly, if the spatial sections have zero 
curvature, or are of constant curvature and the extrinsic curvature is a (time- 
dependent) multiple of the metric, as it is relevant for cosmological models 
[151 ESI [U] ! the covariant derivatives of the spatial Riemann tensor and of 
the extrinsic curvature vanish so that G{x, y) is also zero. These special cases 
of measure zero are blind to the restrictions on imposed by (15. 2p . 

The choice of coupling constants that make the analysis tractable has 
been considered first in the context of Hofava's theory in [18] and earlier in 
a different context in [191 12D] • It is obtained by setting all coupling constants 
equal to zero, except A and ^, with A 7^ 1 in order to depart from general 
relativity. The equation (15. 2 p then reduces to 

(A - l)Vi(nVV) ^0 ^ Vi(uVV) ^ (5.3) 

with u = N"^. This equation is non-trivial for generic choices of vr (which 
is not restricted by the constraint equation) and implies = in the class 
of functions that go to a constant at infinity [11] Q Of course, if vr = 0, the 
equation (15.31) implies no restriction on A^, but this is a non-generic situation 
on the constraint surface defined by "H = 0, "H^ = 0. 



6 Conclusions 

One of the beauties of general relativity is that it is difficult to deform it 
without running into inconsistencies. We have illustrated this property in 
the context of deformations of the Hamiltonian constraint by terms that are 
requested to preserve only spatial diffeomorphism invariance. We have shown 
then that all the Hamiltonian constraints (for all x's) are generically second- 
class, implying that the lapse is zero. There is no contradiction with time 
reparametrization invariance, because this invariance then turns out to be 
an "on-shell trivial" gauge symmetry with no physical implication. 

To illustrate this absence of contradiction due to the triviality of the gauge 
symmetry was the main motivation of this note. We shall close our paper 
by making some further comments on the viability of the deformations of 
general relativity considered here. 

^The result TV = is not mathematically inconsistent (i.e. not of the form 1 = 0, 
see also below). Excluding it does not follow from Dirac algorithm but would be the 
consequence of postulates without clear geometrical origins in Riemannian geometry. 
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6.1 Mathematical consistency versus physical consid- 
erations 

The fact that the Hamiltonian constraints are second-class is not, in itself, a 
mathematical inconsistency. It simply tells us that the lapse is uniquely fixed, 
and, because the equation for is a homogeneous equation always possessing 
= as a solution, it means that = 0. The theory then possesses 
5/2 degrees of freedom per space point since there are 6 conjugate pairs, 3 
first-class constraints and one second-class constraint (per space point). We 
thus agree with reference [IB], which also concluded that the Hamiltonian 
constraints were (generically) second-class and determined the lapse. Earlier 
work on the difficulties of deformations of the Hamiltonian constraints are 
[201 ini [221123]. 

The extra 1/2 degree of freedom (the so-called "extra mode") might be 
thought of as contained in the pair formed by it and the conformal factor 
(and not in A^, which is identically zero). The conformal factor is determined 
by the Hamiltonian constraints. In general relativity, where the constraints 
are first-class, one uses the corresponding gauge freedom to impose a gauge 
condition on the conjugated 7r(x). Here, the constraints are second-class, 
thus expressing instead that 7r(x) is self-conjugate in the corresponding Dirac 
bracket (whose expression is rather intricate and will not be worked out here). 
We note that the extra mode is somewhat analogous to a chiral boson [2^125]. 
for which there is also a single second-class constraint per space point. 

Since A^ = 0, the dynamics is very simple: the Hamiltonian vanishes (in 
the gauge where the shift is zero) and any function of the canonical variables 
is a constant of motion. This is mathematically consistent but the theory 
not only differs in a drastic way from general relativity but is also physically 
rather meaningless as there is no time evolution. One can therefore say that 
there is a dynamical inconsistency with what one requests from the theory 
on physical grounds, i.e., the lapse should be non-ero and belong to a one- 
parameter family of solutions (away from the general relativity values). 

Although we have not investigated the equation for the lapse in the com- 
pact case, one might anticipate that difficulties in the analysis will also arise 
in that case since the solutions must be globally well-defined. Locality re- 
quirement for the lapse as a function of the other variables should presumably 
also be imposed in order to be able to apply the methods of local quantum 
field theory. This appears to be also a very restrictive condition. It is not 
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unreasonable to expect similar difficulties with other asymptotic boundary 
conditions (e.g., anti-de Sitter spaces). 

6.2 Going beyond the above class of deformations 

That the only solution for the lapse is generically = is clearly unsatis- 
factory from a physical point of view so that one must go beyond the class of 
deformations of general relativity considered here to get a physically consis- 
tent theory. Some of these possibilities were already indicated in the original 
work [3111]. 

6.2.1 Non-generic values of the coupling constants 

Our results do not exclude special values of the coupling constants for which 
extra non trivial gauge symmetry would be present. We know that all the 
Hamiltonian constraints are ffist-class for the choices corresponding to gen- 
eral relativity and the ultralocal theory. Are there other ("non generic") 
choices of the coupling constants for which all the constraints are ffist-class? 
The recent analysis of [SB] gives a negative answer. This does not exclude, 
however, the possibility that there exist values of the coupling constants for 
which some (but not all) of the 'H(x)'s are ffist-class. To our knowedge this 
is an open question. 

6.2.2 Extra constraints 

Instead of searching for non-generic values of the coupling constants that 
would enlarge the gauge symmetry, one might "go non-generic on the con- 
straint surface", i.e., further restrict phase space by imposing additional con- 
straints. This is not generically a consequence of the application of Dirac's 
method since = is mathematically consistent. However, it is a possi- 
bility which is present here because the rank of the matrix G{x, y) is not a 
constant over the constraint surface (a phenomenon investigated earlier in a 
different context in [271 ESI EH])- One might wish to exploit this possibility 
in order to avoid the disappointing result A^ = 0. The additional constraints 
would appear as "tertiary constraints" emerging at non generic points on the 
constraint surface defined by the secondary constraints. 

For example, for the particular values of the couplings mentioned above 
(A 7^ 1, other couphngs set to zero except ^), one might impose the extra 
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condition vr = as it was observed in [TT]. The equation fl5.3p implies then 
no condition on the lapse since it reduces to = 0. This is a consistent 
subsector which in this case turns out in fact to be a gauge-fixed version 
of vacuum general relativity [11] (if vr = 0, one may redefine l-L by adding 
arbitrary multiples of tt^ and so set A = 1). This case was later studied also 

in [sniE]. 

Whether this procedure is possible for different values of the coupling 
constants without reducing too much the theory remains to be seen (imposing 
vr*-^ = 0, for instance, allows 7^ but is too big a restriction, leaving too 
few degrees of freedom). The analysis of [23] seems to point out that this 
is impossible for generic values of the coupling constants. If true, imposing 
further constraints would not be in general a satisfactory way to avoid = 0. 
From that point of view, the obvious fact that imposing tt = with the above 
particular choice of couplings reproduces vacuum general relativity would 
then not be representative of the general situation and would therefore be 
somewhat anecdotical. 

6.2.3 Different modifications 

Different strategies might be envisioned. For instance, one might consider 
different types of anistropic scalings in which the spatial dimensions are not 
all on the same footing [31 H]. Or one might render the Lagrange multiplier 
dynamical (and non-zero) by allowing terms that are non linear in TV and 
its derivatives, dropping the above form of the Hamiltonian constraint [S]. 
Whether these original possibilities lead to viable modifications of general 
relativity fulfilling the dream of being renormalizable remains to be seen. 
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